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Abstract This paper presents an analytical multi-linear
flow model for shale gas reservoirs with multistage frac-
tured horizontal wells (MFHW). It has been proved that the
hydraulic fractures are branched rather than simple bi-wing
shape, and the seepage flow of shale gas reservoirs is more
complicated than conventional gas reservoirs due to the gas
occurrence characteristics and fracture networks. Based on
the published trilinear flow models, a developed five-region
model considering effective fractured volume and adsorp-
tion effect was established. Laplace transformation method
and Stehfest numerical algorithm were used to obtain
typical pressure response curves. In addition, the presented
model was validated by the actual production data, dif-
ferent flow regimes were divided, and the prediction of
presented model was compared with the results of Eclipse
simulator. Effects of some factors such as stimulated
reservoir volume, storativity ratio, and Langmuir volume
on the performance were analyzed. The results showed that
the presented model considering stimulated volume and
adsorbed gas could predict the productivity of MFHW
better. The linear flow of stimulated region was the main
contribution to gas production, and the duration of for-
mation linear flow was influenced by different parameters.
So the selection of optimal combination is very important
in the development of shale gas reservoirs.
Keywords Shale gas reservoir  Adsorption and desorption 
Multistage fractured horizontal well  Multi-linear flow
model  Semi-analytical solution
Abbreviations
p The gas pressure (MPa)
qg The shale gas density (kg/m
3)
qgsc The shale gas density in standard condition (kg/m
3)
k The permeability (m2)
/ The porosity, fraction
l The gas viscosity (mPa/s)
pL Langmuir pressure (MPa)
VL Langmuir volume (m
3)
VE The volume of gas adsorbed per unit volume of the
reservoir in equilibrium at pressure p (m3/m3)
Z The compressibility factor of shale gas,
dimensionless
M The apparent molecular weight (g/mol)
R The universal gas constant, 8.314 J/(mol K)
T The reservoir temperature (K)
CD The dimensionless wellbore storage coefficient
m The pseudo-pressure (MPa/s)
g The pressure transitivity
x Reservoir size in x-direction (m)
y Reservoir size in y-direction (m)
xf The length of the hydraulic fracture (m)
nF The numbers of hydraulic fractures along a
horizontal well
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Introduction
The rapid economic growth results in the increased demand
of energy and development of shale gas reservoirs. Due to
the extremely ultra-low permeability of the reservoirs, it is
a great challenge to develop shale reservoir commercially.
With technical innovation in the past decades, massive
stimulation has been broadly applied into the field and
proved effectively, especially the application of multistage
fractured horizontal well (MFHW) achieves the commer-
cial exploitation. However, modeling fluid flow in the
complex fracture networks remains challenging (Ezulike
and Dehghanpour 2014).
In many cases, a fracture propagation can create a
branch pattern and a complex fracture networks around the
hydraulic fractures (Ali Daneshy 2003), which were
defined as stimulated reservoir volume (SRV) (Mayerhofer
et al. 2010; Wang et al. 2014). The high conductivity of
SRV makes liquids flow into the well easily and benefits
the well production (Stalgorova and Mattar 2012a; Clark-
son 2013). Most of shale gas reservoirs in Eagle ford,
Barnett, and Marcellus (Suliman et al. 2013; Agboada and
Ahmadi 2013; Mayerhofer et al. 2006) have obtained high
production due to SRV. In addition, carbon-rich compo-
nents lead to the existence of the adsorbed gas and free gas
phase in the shale formations (Juan and Aquiles 2012).
With the pressure dropping down, the adsorbed gas will
desorb from the surface of matrix during the development
process, which also has a significant influence on gas
production and could not be ignored in mathematical
models (Bumb and McKee 1988).
The production of MFHW in shale reservoirs is mainly
affected by the fluids in matrix, in fracture network, and in
hydraulic fractures. Brown et al. (2009, 2011) proposed the
trilinear flow model to research the MFHW performance in
unconventional gas reservoirs. In their model, pressure
transient analysis was obtained. Considering the limited
width of the simulated region, five-region model was
defined to simulate the SRV to extend the trilinear model
(Stalgorova and Mattar 2012b). Dehghanpour and Shirdel
(2011) improved the Ozkan’s dual-porosity model (Ozkan
et al. 2010) to explain the unexpected high gas production
in shale gas reservoirs based on the pseudo-steady model of
Warren and Root (Warren and Root 1963). Then, equiva-
lent flow model (Ketineni S and Ertekin 2012) was used to
describe the SRV and solved the elliptical flow problem by
Mathieu modified functions. Based on this model, Su et al.
(2015) characterized the SRV using a circular region in
shale gas reservoir and analyzed the pressure performance
considering the SRV. In addition to the analytical models,
there are some numerical models to simulate the seepage
flow of MFHW in unconventional reservoirs (Mediros
et al. 2007; Mayerhofer et al. 2006; Meyer and Bazan
2011). All these models have some drawbacks, such as the
complex computational process, relationships of parame-
ters, and difficult application, so the simplifications of the
flow models have to be considered.
At present, few models can simulate the performance
behavior including pressure and rate transient analysis
(PTA and RTA) successfully for MFHW with SRV in shale
gas reservoirs. Bumb and Mckee (1988) took the desorp-
tion compressibility into account for shale gas reservoirs.
Then, based on this model, lots of work (Gerami et al.
2008; Guo et al. 2012) have been done for unconventional
gas reservoirs. These studies mainly focused on vertical
well or horizontal well and few about the MFHW.
Although Ozkan et al. (2010) and Brown et al. (2009)
developed a trilinear flow model to simplify the complex
process and get good results in unconventional gas reser-
voirs, desorption and adsorption mechanism, which is the
key mechanism of shale gas reservoirs, was ignored. Sang
et al. (2014) presented a new mathematical model con-
sidering adsorption and desorption process, which made up
the disadvantage of the trilinear flow model for MFHW in
shale gas reservoirs. Zhang et al. (2015) then presented a
numerical five-region model with multi-nonlinearity to
study the production of shale gas, which was difficultly to
solve. In this paper, we extended the linear flow model
considering effective stimulated volume and adsorption
effect to multistage fractured horizontal wells in shale gas
reservoirs. The bottom-hole pressure and production for-
mulas are established, and effects of several key parameters
are analyzed. The duration of formation linear flow under
different parameters is studied, which helps to understand
the flow mechanism of multiple hydraulic fractures in shale
gas reservoirs.
Model description
Physical model and its assumptions
The physical model of the MFHW with SRV reflects the
complex interplay of flow among matrix, natural fractures,
and hydraulic fractures and is shown in Fig. 1.
The reservoir has five regions (Stalgorova and Mattar
2012b) including hydraulic fracture region, three unstim-
ulated regions, and stimulated region, and the multi-linear
flow model is shown in Fig. 2. The unstimulated regions
are described as single porous mediums with low flow
capacity, the stimulated region is described as a single
porous medium with high flow capacity influenced by
natural fractures, and the hydraulic fractures have finite
conductivity. However, the properties of the unstimulated
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and stimulated regions are different in porosity, com-
pressibility, and absorbability in the model, and adsorp-
tion–desorption process is taken into account. Some
idealization and simplifying assumptions are as follows: 
Single-phase gas of constant-compressibility fluid flows
into the horizontal well from reservoir only by hydraulic
fractures, and frictional loss within the horizontal well and
effects of gravity and capillary forces are ignored in the
reservoir. ` The hydraulic fractures have identical prop-
erties and evenly distributed along the horizontal well.
Hydraulic fractures can create high conductivity around the
wellbore, which leads to higher permeability in stimulated
region than unstimulated regions. ´ Gas desorption is
instantaneous and follows Langmuir isotherm. The shale
gas reservoir is isothermal. ˆ There are the no-flow
boundaries parallel to the hydraulic fractures at the middle
of two fractures in closed reservoir. ˜ Wellbore storage
effect is taken into account. Flow in every region is
assumed to be linear similar to the model proposed by
Ozkan et al. (2010) and is shown in Fig. 2. This paper
assumes that the stimulated region is a simple region to
characterize the SRV. However, the SRV is very complex
and cannot be described by regular shape in shale reser-
voirs. In addition, the stimulated region is assumed as a
single porous medium with high permeability, which is not
able to simulate the actual formation exactly. So it is
necessary to research further in the future.
Mathematical model
Based on the above assumptions, combined with gas
equation of state and mass balance equation, the presented
multi-linear model is an extended five-linear flow model
under the rectangular coordinate system. The detailed
derivation process is shown in ‘‘Appendix.’’
• Liner flow in matrix
The gas in both the region 3 and the region 4 flows
along the y-direction. Considering the adsorption and
desorption process in these regions (Ross and Bustin
2007), mass conservation equations of the matrix flow can
be written as
Fig. 1 Multistage fractured
horizontal well with SRV.
a Geology schematic of MFHW
development. b Physical model
in this paper














































Using Laplace transform, combining with the initial
condition and boundary conditions, the mathematical



















The solution of Eq. (4) in Laplace space is derived as












y1D  y2Dð Þ½  : ð5Þ
where n ¼ 3; 4; r ¼ s=gD:
In the region 2, the adsorption–desorption process as
well as the flux from the region 4 is taken into account.




































x1D  x2Dð Þ½  ; ð7Þ
















y1Dy2Dð Þ½   sg2D :








































































• Linear flow in hydraulic fracture region
Through Laplace transformation, we can get the model
set with no-flow tip of the fracture and constant production

























When yD = 0, the solution of bottom-hole pressure in
Laplace space could be derived as
Fig. 2 Multi-linear flow model (quarter of a fracture, Stalgorova and
Mattar 2012a)








tanh  ﬃﬃﬃgp y1D 	 : ð11Þ
According to Brown et al. (2009, 2011), storage effect
could be taken into account with the following equation:
mwD;storage ¼ mwD
1þ CDs2 mwD ; ð12Þ
Model solutions
When the gas well working at a constant bottom-hole
pressure, the relationship of dimensionless production rate
and the dimensionless pressure could be deduced as fol-





Stehfest numerical inverse method (Stehfest 1970) is
used to get the solution in real space.


















 k 	!k! k  1ð Þ! i kð Þ! 2k  ið Þ! :
With the assumption that the hydraulic fractures have
the same properties, total production rate could be
expressed as follows:
Q tDð Þ ¼ nF  q tDð Þ ð15Þ
Model verification
Field example
To confirm the application of the composite model of
multistage fractured horizontal well in shale gas reservoirs
presented in this paper, the actual data from one multistage
fractured horizontal well in west China were used to verify
the model. Fig. 3 represents the actual data compared with
calculated production rate from modified five-region model
[setting the flowing bottom-hole pressure (FBHP) to
4 MPa]. The calculated values are significantly higher than
the actual data, due to the complicated pressure condition
in the initial stage of production and then the two curves fit
well after a short time. If the adsorption and desorption
process is not considered, the calculated values are lower
than the values considering the adsorption and desorption
process. Thus, the composite model could simulate the
production performance of multistage fractured horizontal
well considering the SRV and the adsorption and desorp-
tion process. The values of relevant parameters are listed as
shown in Table 1.
Comparison of the analytic model and Eclipse
simulator
Figure 4 shows the comparison of production rate between
Eclipse simulator and the composite model. Although high
production rate lasts short time, two curves have the similar
tendency due to the free gas in the early stage of the pro-
duction. With the development of the reservoir, the
decreasing of pressure results that the natural adsorbed gas
desorbs from the organic matrix and becomes an important
part of the gas source. Therefore, the composite model
demonstrates higher rate than the rate calculated by Eclipse
simulator without considering the adsorption and desorp-
tion process. The conclusion can be drawn from Fig. 4 is
that the adsorption and desorption process has a significant
influence on the predict production and could not be
neglected in the mathematical models. The desorption of
adsorbed gas accounted for 20–55 % of total production.
The free gas in fractures and inorganic matrix pores is
produced first. Then, the absorbed gas on the organic
matrix desorbs into the fractures gradually. Therefore, the
production rate is relatively high in the first 2 years, which
is above 10,000 m3/day. There is a sharp decline, and the
production rate remains a slower pace afterward. In addi-
tion, it is apparent that lower flowing bottom-hole pressure
leads to larger drawdown pressure, which makes the pro-
duction rate higher, such as the production rate under
pwf = 4 MPa is four times that under pwf = 16 MPa at the
corresponding time.
Results and discussion
Analysis of type curve
The type curve of the bottom-hole pressure and pressure
derivative can be obtained using modified five-region
model as shown in Fig. 5. According to the characteristic
of pressure derivative profile, five flow regimes are
classified.
As shown in Fig. 5, the type curve of MFHW con-
sidering SRV and adsorption and desorption process can
be divided into the following eight regimes: (1) the early
wellbore storage characterized by a slope of 1 in pressure
and derivative curves. (2) the first transition flow stage
between wellbore storage and the early linear flow. The
dimensionless pressure curve and derivative curve are
separate. (3) the dual-linear flow stage, which is
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characterized by a slope of 0.25 in pressure derivative
curve. (4) the linear flow stage of the formation. Pressure
differential is proportional to the square root of dimen-
sionless time, and the slope of pressure derivative in log–
log curve is 0.5. (5) the adsorption and desorption pro-
cess, which affects a depression in the pressure derivative
curve. (6) the second transition flow stage between the
linear flow in inner formation and outer formation. (7) the
second linear flow stage of formation characterized by a
slope of 0.5 in pressure derivative curve. With the influ-
ence of the non-flow boundary, the typical radial flow
does not show on the graph. (8) The quasi-steady flow
stage occurs in the last period when the whole system
reaches steady state. Furthermore, the curves coincide
again and go up together due to the non-flow boundary
condition.
Analysis of pressure transient responses
Based on the values of relevant parameters listed, Fig. 6
could be obtained, where CD = 0, 0.005, 0.02, 0.1. This
figure demonstrates the effect of dimensionless wellbore
storage coefficient on pressure transient responses when the
well produces at a constant production rate. When con-
sidering the wellbore storage coefficient (namely there is
wellbore storage effect), there are different intercept with
the same slope of 1 in log–log plots of dimensionless
pressure and pressure derivative curves. The wellbore
storage coefficient results in the coincidence of two curves
at the very beginning due to the production of the gas in the
wellbore. Large wellbore storage coefficient means the
wellbore storage effect is larger, which leads the joint part
of the two curves is longer and even vanishes the next flow
regimes. As the green line shows, there is no significant
linear flow characteristics but adsorption and desorption
process.
Figure 7 shows the variation in law of the pressure
transient responses with changing values of Langmuir
volume (VL = 0, 3, 5), and other values of relevant
parameters listed in Table 1. Langmuir volume is associ-
ated with the ability of adsorption and desorption process
in shale gas reservoirs. It is obvious that the Langmuir
volume affects the (5)–(8) regimes significantly. The large
value of Langmuir volume leads to the apparent depression
in pressure derivative curve. In addition, the adsorption and
desorption process can make up for the energy exhaustion.
With the increase in the Langmuir volume, the downward
movement of the dimensionless pressure curve and pres-
sure derivative curve appears and the quasi-steady flow
state appears later accordingly.
Table 1 Shale reservoir and horizontal well parameters
Parameters Unit Value
Matrix porosity, /m % 8.0
Fracture porosity, /f1 % 0.6
Hydraulic fracture porosity, /f % 1.0
Matrix compressibility, ctm 1/MPa 2e-5
Fracture compressibility, ctf1 1/MPa 3.5e-4
Hydraulic fracture compressibility, ctf 1/MPa 4.5e-4
Matrix permeability, km mD 1e-6
Fracture permeability, kf1 mD 1e-3
Hydraulic fracture permeability, kf mD 300
Formation thickness, h m 46
Horizontal section length, L m 1200
Reservoir size in y-direction, y2 m 200
Reservoir size in x-direction, x2 m 100
Hydraulic fracture half-length, xf m 75
Hydraulic fracture width, wf m 0.1
Numbers of hydraulic fractures, nF – 10
Langmuir volume, VL m
3/m3 4
Langmuir pressure, PL MPa 12
Well depth, H m 1500
Initial reservoir pressure, pi MPa 21
Initial reservoir temperature, Ti K 338
Fig. 3 Comparison of the actual data and calculated data of the well
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Figure 8 reflects the effect of SRV on pressure transient
responses when the well produces at a constant production
rate. The values of relevant parameters are listed in
Table 1, and set x1 = 20, 30, 40, y1 = 25, 35, 40. Larger
stimulated reservoir volume means more space of free gas
and longer duration of linear flow, which causes the
appearance of the adsorption and desorption process later.
Therefore, the larger stimulated reservoir volume leads to
the deeper concave. Under the same condition, when the
matrix area decreases, the effect of adsorption and des-
orption process becomes weak accordingly.
Analysis of production performance
The linear flow region is affected by fracture half-length,
stimulated volume, and the permeability in different
regions. The log–log pressure and pressure derivative plots
were used to identify flow regimes,while the linear flow
analysis (rate-normalized pressure vs. square root of time)
Fig. 4 Comparison of gas production from the Eclipse and the composite model with different FBHP
Fig. 5 Type curve of MFHW considering SRV and adsorption and
desorption process
Fig. 6 Effect of dimensionless wellbore storage coefficient on
pressure transient responses
Fig. 7 Effect of Langmuir volume on pressure transient responses
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was used to obtain the parameters by producing data of
wells (Kurtoglu et al. 2013). The time tef was defined to
present the over time of formation linear flow, and the
effects of different parameters on linear flow analysis were
studied.
Figure 9 shows the well rate-normalized pressure at
different bottom-hole pressures. The values of the bottom-
hole pressure are set pwf = 4, 8, 12, 16 MPa. For multi-
stage fractured horizontal well in shale gas reservoirs, the
free gas in fractures and inorganic matrix pores is produced
first. Then, the adsorbed gas on the organic matrix desorbs
into the fractures gradually. During the early stage, the
production is affected mainly by the formation of linear
flow. When the pressure transmits to the boundary, there is
a sharp increase on the curve. So, the time tef of different
bottom-hole pressure is absolutely different. The lower
flowing bottom-hole pressure is, the shorter tef is, because
the larger producing pressure drop enhances the fluid flow
in formation.
Figure 10 shows the effect of Langmuir volumes on the
well rate-normalized pressure curves when VL = 0, 3, 5.
The Langmuir volume powerfully influences on the
adsorption and desorption process. Therefore, the produc-
tion curve without taking adsorption effect into consider-
ation (VL = 0) sits on the top compared with other curves
considering that. This case is because desorption from
matrix can slow down the reduction in production. In
addition, the increase in the Langmuir volume leads to the
larger production and longer time of formation linear flow,
so it is necessary to figure out the influences of adsorption
and desorption on production forecast.
Figure 11 shows the effect of stimulated reservoir vol-
ume on the well rate-normalized pressure curves with
variation in the stimulated reservoir volume, when,
Fig. 8 Effect of SRV on pressure transient responses
Fig. 9 Square root of time plots exhibiting different bottom-hole
pressure
Fig. 10 Square root of time plots exhibiting different Langmuir
volumes
Fig. 11 Square root of time plots exhibiting different SRV
J Petrol Explor Prod Technol
123
x1 = 20, 30, 40, y1 = 35, 35, 40. Fracturing stimulation
can create large permeability fracture regions around the
hydraulic fractures with high conductivity and decreases
the flow resistance in formation; thus, lager stimulated
reservoir volume results in higher production rate and
longer time of formation linear flow. In the actual pro-
duction, expending the scale of stimulated regions is the
effective method to improve the development of shale gas
reservoirs.
Conclusions
Based on the limited stimulation region, in this paper the
modified five-region model was built considering the
stimulated reservoir volume and the adsorption and des-
orption process for multistage fractured horizontal well in
shale gas reservoirs. The bottom-hole pressure solution and
the production solution were obtained. Pressure transient
and rate transient responses were analyzed in this paper.
And some conclusions can be drawn.
1. Mathematical models for conventional reservoirs can-
not be used to represent the fluid flow in unconven-
tional reservoirs. The coupling modified mathematical
model could describe the comprehensive gas flow in
both multistage fractured horizontal well and forma-
tion. Specifically, the stimulated reservoir volume and
the shale gas properties are introduced into the model
in this paper compared to the Eclipse simulator. The
transient pressure curves are divided into eight
regimes, and these regimes change with different
formation properties and MFHW properties.
2. There are two occurrence modes for shale gas in shale
formation, adsorbed gas mainly existing in matrix and
free gas mainly existing in natural fractures. The
comparison of the composite model predictions using
the field data and actual production data demonstrates
that the five-region model considering the stimulated
reservoir volume and adsorption and desorption process
is able to describe the gas flow of multistage fractured
horizontal well in shale gas reservoir. In addition, the
simulation results of Eclipse simulator without the
adsorption and desorption process show that desorption
of the adsorbed gas in shale formation matrix should not
be neglected in mathematical models.
3. Besides adsorption and desorption process, wellbore
storage coefficient, SRV, and bottom-hole pressure
have significant effects on the well pressure and
production performance of multistage fractured hori-
zontal well in shale gas reservoirs. The wellbore
storage coefficient mainly affects the early production
stage. The SRV has significant effects on the late flow
stage in the transient pressure and production rate
curves. Larger SRV leads to lower transient pressure at
constant production and longer tef at constant flowing
pressure for the same reason. That means the devel-
opment of shale gas reservoirs depends on the
stimulated reservoir volume. Large Langmuir volume
means the adsorption and desorption abilities are
strong, which is important to maintain stable gas
production rate in late flow stage. The bottom-hole
pressure is also a significant parameter for developing
the shale gas reservoirs. In view of the simplification
of this model, some further work is required to make
the model approximate to the practice.
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Appendix: Derivation of the multi-linear flow
model
Based on the linear flow assumptions, the multi-linear flow
model is established in the rectangular coordinate system
as follows.
• Liner flow in matrix
Considering the absorption and desorption process in








According to the Darcy’s law, the flow velocity in
porous media can be expressed as












The relationship between the gas concentration and the
pressure can be described by the Langmuir equation as
VE ¼ VLp
pþ pL : ð19Þ
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The total compressibility coefficient considering the
effect of adsorption and desorption process (Gao et al.
1994) is defined as







where cgm ¼ 1p  1Z dZdp ¼ cgm pið Þ ¼ cgmi:
Then, substituting Eqs. (16)–(20) into the mass conser-

































































































where g is the pressure transitivity, defined as g ¼ k/mctml.
Then, derive the five-linear flow solution in terms of
dimensionless variables for simple calculation. Define
dimensionless parameters,
mnD ¼ pkfhTsc mn mið Þ
qscpscT






































Taking the region 4 for example, with closed reservoir,
dimensionless initial condition and boundary conditions
are as follows:
Initial condition is
mD 0; yð Þ ¼ 0: ð28Þ






Inner boundary condition (pressure continuity) is
m4Djy¼y1D¼ m2Djy¼y1D : ð30Þ
Using Laplace transform, combining with the initial
condition and boundary conditions, the mathematical
















The solution of pressure in Laplace space is derived










y1D  y2Dð Þ½  : ð32Þ
Due to the similar properties of region 3 with region 4,
















The solution of Eq. (33) could be obtained










y1D  y2Dð Þ½  ; ð34Þ
where r ¼ sgD :
In region 2, linear flow along x-coordinate and adsorp-
tion–desorption process as well as flux from region 4 are
taken into account. The governing equation of region 2 in











We integrate all the terms in the equation from 0 to y1
























Then, the mathematical model of region 2 under Laplace
space is

























The solution of flow model of region 2 in Laplace space
is










x1D  x2Dð Þ½  ; ð39Þ
















y1Dy2Dð Þ½   sg2D :
• Linear flow in stimulated region
The stimulated region (region 1) has high conductivity.
In this paper, the main flow regime is linear flow along x-
coordinate as well as flux from region 2 and region 3. The
























Region 1 is located between region 2 and fracture region
and adjacent region 3, so flow rate and pressure continuous
conditions related to this region are considered. The model












































































































x1Dx2Dð Þ½  :
• Linear flow in hydraulic fracture region
In the hydraulic fracture region, linear flow is dominant.












With the same method with Eq. (36), assuming the
pressure in fracture region is independent of x-coordinate,




















Through Laplace transformation, we can get the model
set with no-flow tip of the fracture and constant production

























where CFD ¼ k2wfDkf :
From the analytical solution of model of stimulated









yD  y1Dð Þ

 
sin h  ﬃﬃﬃgp y1D
  ; ð47Þ
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